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Abstract 

In this paper we mainly study the Cauchy problem for a generalized Camassa-Holm 
equation. First, by using the Littlewood-Paley decomposition and transport equations 
theory, we establish the local well-posedness for the Cauchy problem of the equation in 
Besov spaces. Then we give a blow-up criterion for the Cauchy problem of the equation, 
we present a blow-up result and the exact blow-up rate of strong solutions to the equation 
by making use of the conservation law and the obtained blow-up criterion. Finally, we 
verify that the system possesses peakon solutions. 
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1 Introduction 


In this paper we consider the Cauchy problem for the following generalized Camassa-Holm 
equation, 


( 1 . 1 ) 


ut - utxx = dx{2 + dx)[{2 - dx)uf, t > 0, 

u{0,x) = uo(x), 


which can be rewritten as 


( 1 . 2 ) 


m = u — Uxx, 

< nit = 2m^ + (8ua; — 4u)m + (4u — 2ux)mx + 2{u + Ux)'^, t > 0, 
m(0, x) = u(0, x) — Uxx{0, x) = mo{x). 


The equation (jl.ip was proposed recently by Novikov in [39]. It is integrable and belongs to 
the following class [39] : 


(1.3) 


- T('U, Ua;, Ua;a;, Ua;3;a;)j 


which has attracted much interest, particularly in the possible integrable members of (|1.3I) . 

The most celebrated integrable member of ()1.3p is the well-known Camassa-Holm (CH) 
equation |5]: 

(1.4) (1 d^^ut — 3uUx 2'UxUxx '^'^XXX' 

The CH equation can be regarded as a shallow water wave equation U M- It is com¬ 
pletely integrable laiHKiT]. Integrability is not a straightforward concept, and this provides 
good background material on this important aspect of the CH-equation. It also has a bi- 
Hamiltonian structure [3 [27], and admits exact peaked solitons of the form ce '^*1 with 
c > 0, which are orbitally stable |20j . It is worth mentioning that the peaked solitons present 
the characteristic for the traveling water waves of greatest height and largest amplitude and 
arise as solutions to the free-boundary problem for incompressible Euler equations over a flat 

bed,cf. isKinKiiKiaiii]. 

The local well-posedness for the Cauchy problem of the CH equation in Sobolev spaces 
and Besov spaces was discussed in miEllEIlllo]. It was shown that there exist global strong 
solutions to the CH equation (9] [TTl [12] and finite time blow-up strong solutions to the CH 
equation p EU ESI dg. The existence and uniqueness of global weak solutions to the CH 
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1 INTRODUCTION 


equation were proved in [ig SB]. The global conservative and dissipative solutions of CH 
equation were investigated in 13 SI- 

The second celebrated integrable member of (ll.3|) is the famous Degasperis-Procesi (DP) 
equation [23] : 

(1.5) (1 — luUx ^'^x'^xx '^'^XXX' 

The DP equation can be regarded as a model for nonlinear shallow water dynamics and its 
asymptotic accuracy is the same as for the CH shallow water equation [23] . The DP equation 
is integrable and has a bi-Hamiltonian structure [22]. An inverse scattering approach for the 
DP equation was presented in [IlET]. Its traveling wave solutions was investigated in [331132] . 

The local well-posedness of the Cauchy problem of the DP equation in Sobolev spaces and 
Besov spaces was established in |28l [291 US]- Similar to the CH equation, the DP equation 
has also global strong solutions [Ml ESI E2] and finite time blow-up solutions [Ml ESI [Ml ESI 
[IHllSolEIllSa. On the other hand, it has global weak solutions [21[25l[5ll|52]. 

Although the DP equation is similar to the CH equation in several aspects, these two 
equations are truly different. One of the novel features of the DP different from the CH 
equation is that it has not only peakon solutions [22] and periodic peakon solutions m, but 
also shock peakons [36] and the periodic shock waves [26] . 

The third celebrated integrable member of (11.31) is the known Novikov equation [39j : 

(1.6) (1 d^Ui — SuUx'^xx T U Uxxx du Ux' 

The most difference between the Novikov equation and the CH and DP equations is that the 
former one has cubic nonlinearity and the latter ones have quadratic nonlinearity. 

It was showed that the Novikov equation is integrable, possesses a bi-Hamiltonian struc¬ 
ture, and admits exact peakon solutions u{t,x) = with c > 0 [30] . 

The local well-posedness for the Novikov equation in Sobolev spaces and Besov spaces 
was studied in [Ml SSI SZl SS] • The global existence of strong solutions was established in [M] 
under some sign conditions and the blow-up phenomena of the strong solutions were shown 
in [48] . The global weak solutions for the Novikov equation were studied in [321143] . 

To our best knowledge, the Cauchy problem of (11.11) has not been studied yet. In this 
paper we hrst investigate the local well-posedness of (11.21) with initial data in Besov spaces 
Bp j. with s > max{^, d}. The main idea is based on the Littlewood-Paley theory and trans¬ 
port equations theory. Then, we prove a blow-up criterion with the help of the Kato-Ponce 
commutator estimate. By virtue of conservation laws, we obtain a blow-up result. Finally, we 
conclude the exact blow-up rate of strong solutions to Finally, we verify new peakon 

solutions of (jl.ip in distributional sense. 
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2 PRELIMINARIES 


The paper is organized as follows. In Section 2 we introduce some preliminaries which will 
be used in sequel. In Section 3 we prove the local well-posedness of dEH) by using Littlewood- 
Paley and transport equations theory. In section 4, we are committed to the study of blow-up 
phenomena of dni). Taking advantage of a conservation law and a prior estimates, we derive 
a blow-up criterion, a blow-up result and the exact blow-up rate of strong solutions to dni). 
The last section is devoted to the study of the equation (11.111 possessing a class of peakon 
solutions. 


2 Preliminaries 

In this section, we first recall the Littlewood-Paley decomposition and Besov spaces (for more 
details to see m)- Let C be the annulus < |^| < |}. There exist radial functions y 

and if, valued in the interval [0,1], belonging respectively to T>{B{0, |)) and V{C), and such 
that 

veeM'', x(0 + J;¥^(2-^'0 = i, 

j>0 

\j — j'\ > 2 =► Supp n Supp p{2~^ = 0, 


j > 1 Supp xiO Supp p{2 = 0. 


Define the set C = + C. Then we have 


\j - j'l > 5 ^ 2^'c n 2^C = 


Further, we have 

j>0 

Denote J- by the Fourier transform and J-~^ by its inverse. From now on, we write 
h = and h = T~^x- The nonhomogeneous dyadic blocks Aj are defined by 

NjU = 0 if j < -2, A_iu = x{D)u = / h{y)u{x - y)dy, 

jRd. 

and, AjU = ip{2~^D)u = 2-^'^ j h{2^y)u{x — y)dy if j > 0, 




lU. 


The nonhomogeneous Besov spaces are denoted by B, 


= {u G S'\ 


m 


B?. 


p,r V 

( ^ 2 ^ ll^j“lll,P(IRd))’' < °°}- 
i>-i 
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2 PRELIMINARIES 


Next we introduce some useful lemmas and propositions about Besov spaces which will be 
used in the sequel. 


Proposition 2.1. fl]? Let 1 < Pi < P2 < oo and 1 < ri < r2 < oo, and let s be a real number. 
Then we have 

If s > - or s = r = 1, we then have 

J p p' ‘ 


Lemma 2.2. fl]/ A constant C exists which satisfies the following properties. If si and S 2 
are real numbers such that si < S 2 and 6 € (0,1), then we have, for any {p,r) € [l,oo]^ and 
u G S^, 


( 2 . 1 ) 

( 2 . 2 ) 


I'^ll r;®si+(l-®)«2 


u 


„esj^+(i-0)s2 

^p,i 


< 


I 

^p,r 


I 


(1-0) 

B;^r 


< 


C 1 1 

S2 — Si 0 1 — 6 


and 


Ikl 


B‘^1 

^p,oo 




(1-0) 

-0p,00 


Corollary 2.3. For any positive real number s and any {p,r) in [l,oo]^, the space 
L°°{W^) n Bp ,.(M'^) is an algebra, and a constant C exists such that 


If s > - or s = r = 1, then we have 

J p p ’ ’ 

Lemma 2.4. (Morse-type estimate, /7l [2l]/) Let s > max{|, |} and {p,r) in [l,oo]^. For any 
a G Bp“^(M'^) and b G Bp,,(M'^), there exists a constant C such that 

Remark 2.5. |I]/ Let sGM, l<p, r<oo. Then the following properties hold true: 

(i) Bp ,,(M'^) is a Banach space and continuously embedding into S'{W^), where 5'(M'^) is the 
dual space of the Schwartz space 5(M'^). 

(a) If p,r < oo, then S{R‘^) is dense in 

{Hi) If Un is a bounded sequence of Bf j.{]Sfi), then an element u G Bf j.{]Sfi) and a subsequence 
Urif, exist such that 

\imun^=u in 5'(M'^) and ||w||bs (^d) < Climinf (Rd). 

fc—>-oo ' fc—>-oo ' 

{iv) BlfiR<^) = H^{R<^). 
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2 PRELIMINARIES 


(2.3) 


Now we introduce a priori estimates for the following transport equation. 

ft + vVf = g, 
f\t=o = /o- 


Lemma 2.6. (A priori estimates in Besov spaces, mm) Let 1 < p < Pi < oo, 1 < r < oo, 
s > —dmin(^,^). For the solution f E L°°([0, T]; of \2.^) with velocity Vv € 

L^{[0,T];Bp j.{M^)riL°°{M^)), initial data /o E and g E L^([0, T]; S* we have 

the following statements, //s / 1 + ^ or r = 1, 


(2.4) ||/(t)b, 


< 


B=^,.{Rd) + / i\\git')\\B=,.{Rd)+CVp,^{t')\\f{t')\\Bs^^(^dMdt', 


(2.5) 


where 14 




< 


B, 


Pi 


it) = f llVrII 
Jo 


0 Bp4i,oo(Rrf)nL°° 


^ exp(-Cl/pi(t'))||9(i')llB»_,(Rd)C^i') exp(Cl^pi(t)), 
dt' i/s < 1 + Vp,{t) = j if 

J 0 


s>l + ^ ors = l + ^,r = l, and C is a constant depending only on s, p, pi and r. 

Lemma 2.7. JddJ / Let 1 < p < oo, 1 < r < oo, a > max(4,4). For the solution f E 
L°°{0,T; Bp^rfK)) of 112.S\} with the velocity v E L^{0,T; Bp^^fM.)), the initial data /o E 
i?p ,.(M) and g E L^{0,T;Bp j.{W^)), we have 

(2.6) II/IIb/-4r) - (|I/oIIb/-4r) exp(-(41/(t'))lb(i')llB--i(R)<^i') exp((41/(t)), 


where V{t) = J and C is a constant depending only on a, p and r. 


Lemma 2.8. 

2 +' 


For the solution f E L°°{0,T-, Bp^ 


i+i 


of 112. 31) with the velocity v E 


L^{0,T; Bp^r^ i^)), the initial data fo E i?p,r^(IR) and g E L^{0,T-, Bp^r^ 0^^)), we have 


(2.7) 


where 


i+i < 


1+1 + 
B„Am 


[ exp(-C'y(t'))lb(iOll 1+1 dt') exp(C'y(t)) 

Jo Bp,r^(R) J 


^{t) = / Ill'll 2+1 C is a constant depending only on p and r. 

Jo BpMW 


Lemma 2.9. mi ^^t s he as in the statement of Lemma 12.61 Let /o E i?p ,,(M''*), g E 
L^([0, r]; ,,(M'^)), andv be a time-dependent vector field such that v E L^([0, T]; i?4i,^(M''*)) 

for some p > I and M > 0, and 

Vr EL^([0,T];Sploo(M‘^)), if s<l + —, 

Pi 
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3 LOCAL WELL-POSEDNESS 


Vz; G L^([0, Tl; i?,! ifs>l + — or s = 1 + — and r = 1. 

^ Pi Pi 

Then, i2. 5]) has a unique solution f in 

-the space C([0, T]; if r < oo, 

-the space (a.<, C([0, T]; fl C^([0, T]; i/ r = oo. 

Moreover, the inequalities of Lemma \2.(A hold true. 

Lemma 2.10. (Kato-Ponce commutator estimates, fgl]/). //s > 0, / G g G 

n L°°(R) and denote that = (1 — A )2 ^ then 

W^^ifp) — /^^fi'llL2(R) < C'(II^^/IIl2(R)I|5'IIl°°(R) + II/3:||l°°(R)||A® ^fi'llL2(R))- 

Notations. Since all space of functions in the following sections are over M, for simplicity, 
we drop M in our notations of function spaces if there is no ambiguity. 


3 Local well-posedness 


In this section, we establish local well-posedness of (II.2|) in the Besov spaces. Our main result 
can be stated as follows. To introduce the main result, we define 


(3.1) 


E;,rm = 


C'([0,r);Ba) nCi([0,r);Ba'), i/ r < oo, 

C'^([0,r);a^) n if r = ^. 


Theorem 3.1. Let 1 < p, r < oo, s > max{l, 1}, and mo G Bp ^.. Then there exists some 
T > 0, such that lll.2fl has a unique solution u in Ep,.{T). Moreover the solution depends 
continuously on the initial data mo. 


Proof. In order to prove Theorem 13.11 we proceed as the following six steps. 

Step 1 : First, we construct approximate solutions which are smooth solutions of some linear 
equations. Starting for mo{t,x) = m{0,x) = mo, we define by induction sequences {mn)neN 
by solving the following linear transport equations; 


(3.2) 


^t'^n-\-l (dr/.72 ‘2dxUn)dxmn-\-l — T T 2(7/^ -\- OxU^i') 

= F{mn,Un), 

ITT'n+lit, x')\t=0 — 'S'n+l^O' 


We assume that G L°°{0,T-,Bp j.), s > max{l, 1}. 

Since s > max{l,^}, it follows that B*,, is an algebra, which leads to F{mn,Un) G 
L°°(0,T; Bpp.). Hence, by Lemma \2M and the high regularity of u, ()3.2p has a global solution 
mn+i which belongs to Ep^. for all positive T. 
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3 LOCAL WELL-POSEDNESS 


Step 2 : Next, we are going to find some positive T such that for this fixed T the approx¬ 
imate solutions are uniformly bounded on [0, T], We dehne that Un{t) — fg \\'m‘n{t')\\B‘ ^dt'. 
By Lemma 12.61 and Lemma 12.81 we infer that 


(3.3) 


\m II ^„C!fg\\dx(‘lUn—2dxUn)\\gs j 11 rn \\ 


+ 

CffUAt) 


Since •s > |, Bp ^. is an algebra and ^ L°°, we deduce that 
||2?71^ P (SdxUn AUnjuin p 2(^V,n p dxUn') ||i3| 

— IIII-Bp r II {.^9xUn || jjs ^ -|- ||2('Upj -|- dxUn) 


B» 


<C'||mn||B|^p||mn||L<x= C\\mn\\Bl,J\8dxUn - 4tin||L°o 

-|- C* II dripj II ||uT.ja ||x,c>o -|- C7||'Ujj -|- ||b® ll'^n “1“ •9x'^n || L°° 


(3.4) <C'||BT.n||s® 


Plugging ([3^ into (1331), we obtain 


m. 


'n\\B: 


2 dt' 


(3.5) 




where we take C >1. 

We hx a T > 0 such that 2C'^T||mo||B| ^ < 1- Suppose that 

C'llmollB- 


(3.6) 


c^II^oIIb^ 

kn(t)||B« < 


< 


1 - 2C'2||mo||s- t l-2C'2||mo|| 




= M, VtG[0,T]. 


Since Un{t) = /q ||mn(r)||B|^dr, it follows that 


^cuptpcupt') 


C^llmoll 


B® 


-dr 


< exp < — 


t' 1 - 2C'2||mo||B|^^f 
1 /■« d(l - 2(7^117710115- ) 


r do 

Jt' 1 


- 2(72r||mo|| 


B- 


(3.7) 


=( 


1 - 2(7"=^ 117770115-1 
1 - 2(72t||77lo||5- 


Set Un{t') = 0 when t' = 0. We obtain 


gC(/p(t) 




II"ioI|b- 


1 - 2(72 117770115- r 


dr 









3 LOCAL WELL-POSEDNESS 


<exp < — 


= (: 


1 P d{l-2C'^T\\mo\\B^J 


H 


0 1 - 2C'2T||mo||s» 


By using (1,3.6p . (j.3.7p and (1,3.8p . we have 

^ 0 


<( 

<( 

<( 


1 


1 - 2CH\\mo\Ws 

p,r 

1 1 


C'llmolls- + 


/< 


C^llmol 




-)dt' 


1 — 26C'2t||mo| 


B. 


p,r 


C\\mo\ 


0 (1 - 2C'2t'||mo||B= J^+2 

C\\mo\\B^, d{l-2CH’\\mo\\B^,) 


BS. 


Ell f 

Jo 


1 - 2C'2t||mo||s« 


C'llmollsj +C'||mo|| 


(1 - 2CH'\\mo\\B‘^,V^^^ 
1 


B: 


p,r I - 2CH'\\mo\\Bi, 




C'llmoll 


BS. 


1 - 26C'2t||mo||s- 


(3.9) 


< 


C'llmoll 


BS 


l-2C2T||mo||m^ 


= M. 


Thus, {mn)nen is uniformly bounded in L°°{0,T; Bp ^.). 

Step 3: From now on, we are going to prove that Un is a Cauchy sequence in L°°(0, T; Bp~^). 
For this purpose, we deduce from (13.2p that 


dt{mn+l+l - BTin+l) “ (4Un+i “ 2dxUn+l)dx{mn+l+l “ BTin+l) 

= {Un+l ~ Un){dxRj^ i + Rn,l) ^xi^n+l ~ Un){dxRn.l + ^n,l) 

' + {rrin+i - Bnn)Rnp 

^nH-/+l(^;^) (^5 |t=0 — (5*n-|-;-|-l 

where 

+ 2Ufi-\-l ‘2Ufi^ 

^n,l — “t“ -\- ‘I'ilyi'j 

^n,l — 8 ?Tij 2 + 27 / 72 , 

l = 2mn+l + 2mn + ^d^Un+l - 

By Lemma [27n and Lemma \T8\ and using the fact that rrin is bounded in L^(0,T; 
we infer that 

ll^n+m+l (^) ^'n+l(^) ^ ( II ('^n+m+l *5n+l)^01| Bp'^^ 
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^ 0 

+ \\dxiun+l ~ '^n)dxRn,l\\ Bp~A W^xiUn+l ~ '^n)Rn,l\\Bp~A 

(3.11) + \\{mn+i - mn)Rl^i\\ss-idt''^ . 

Applying Lemma 12.41 with d= 1, we have 

II i'^n+l ^n'jdxRujlW Bp~A ~ II II H i^^n+1 A ‘^Un+l L “^Un) II 

^ ll^n+i llg®—1 ||4mn,+i ‘2Un-\-l 2'U^||fj|^^ 

< Cllmn+i - mn||B.-l(||mn+l||B«_^ + ||«n+i||B| ,. + ||Mn||B| J 

(3.12) < CMlIm^+z - m„||^s-i, 

||('*^n+Z '^‘n)Rn,l\\Bp~A ~ ll'^n+i ^^llspy^ll ‘^'^n L‘^l^n+l E 

< C\\mn+l - mn||g.-l(||mn||s.^^ + \\Un+l\\B-p^, + ||«n||B|,J 

(3.13) < CMlImn+z - m„|| ^s-i , 


'i'^n+l ^n'jdxRn^lW E: ||•9a;(^n+^ ^n) ||i?|,, ||^3;( 2?7in,+l E‘211^^1 + 27X 


'nJWB?, 


< Cllmn+i - mn||o»-l(||mn+l||s» + ||«n+i||B- + ||Mn||B-J 


(3.14) 


< CMlIm^+i - m. 


nil R®“1) 

^p,r 


•{'^n+l '^'n)Rn,l\\BpE ~ l|•9a;('^n+^ '*^n) || g®-l || STTi-n + 2'Ujj_|_; + 2?/^ || 

< Cllmn+i -m„||^s-l(||m„||B. + \\Un+l\\B- E ||^Xn||B= J 


(3.15) 


< CMlIm^+z - m. 


n R®-i! 

^n.r 


Wirrin+i - mn)Rl^i\\^s-i <||m„+z - m„)||gs-i ||2m„+/ + 2m„ + 8(9a;W„+/ - 4'u„+/||ss^^ 

<C\\mn+l - mn||s.-l(||m„+z||s«_^ + ||5^«n+d|B|,, + ll«n+d|s^,J 
<C\\mn+l - mn\\j^s-l\\mn+l\\B-^^ 

(3.16) ^CMlImn+i - irinW^^ 

Plugging (|3.12l) - (|3.16l) into (13.lip yields that 


s —1 . 
-^p,r 


||m„+i+i(t) - m„+i(t)||^s-i < Ct{ IK-Sn+i+i - Sn+i)mo\\j^s-j 


ryS — L 
^p.r 


(3.17) 

Since 


+ 


j CM 11 mn+i -mnW^s-idt' 


n+Z 


y~! Agmollgs-i < C2 ||mo||^s-i, 

q=n+l 
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3 LOCAL WELL-POSEDNESS 


and that is uniformly bounded in L°°([0, T]; then it follows that 

Tja-idr ). 

JDp^r ' 

It is easily checked by induction 

{TCtT^^ _ ■A i,(TCt)^ 

WlT^n+l+l “ "^n+lllLoo(0,T;Bpyl) — _)_ 1)1 II L°°(0,r;Spyl) + C't2 ^2 — . 

Since ||uin|l 2 ,oo(o t bounded independently of n, we can find a new constant such 

that 

||^n+(+l L°°(0,T-,BpA) ~ Crp2 

Consequently, {mn)neN is a Cauchy sequence in L°°{0,T] Bp~^). Moreover it converges to 
some limit function m € L°°{0,T; Bp~^). 

Step 4: We now prove the existence of solution. We prove that m belongs to Ep^. and sat¬ 
isfies (na) in the sense of distribution. Since (mn)nGN is uniformly bounded in L°°(0, T] Bp p), 
the Fatou property for the Besov spaces guarantees that m G L°°{0,T] Bp^.). 

If s' < s — 1, then 


mn+i+i{t) - mn+i{t)\\^s-i < Ct{ 2 \\mn+i - rrin 


(3.18) W’mn — rnWp.s' < C\\mn — rn\\p.a-i. 

'' ' ''jDp^fr- 

If s — 1 < s' < s, by using Lemma [221 we have 


(3.19) 


m„ — m\ 


BS. 


< C\\mn - \\mn - 

< C\\mn - m||p,_i(||m„||B= -k 

JDp^r 


1 -e 


where 0 = s — s'. Combining (j3.18p with (I3.19p for all s' < s, we have that {mn)neN converges 
to m in L°°{[0,T]-, Bp p). Taking limit in (13.21) . we conclude that m is indeed a solution of 
()1.2I) . Note that m G L°°{0,T-, Bp^.). Then 


II2m^ -|- {8dxU — 4u)m -|- 2(u -|- dxu)‘^\\B= ^ 

<||2m^||B|_^ + U^dxU - 4:u)m\\Bs^^ + \\2{u + dxuf\\B^^^ 

<C'||m||B=_J|m||Loo C\\m\\B^J\8dxU - 4u||i,oo 

-h C\\8dxU - 4u||b|^^ IIuiIIloc C\\u + 9x'w||b |^,\\u + 
(3.20) <C||m||2 . 


This shows that the right-hand side of (|1.2p also belongs to L°°{0,T] Bp^.). Hence, according 
to Lemma 1221 w- belongs to C{[0,T)] Bp^.) {resp.,Cw{[0,T)]Bp p)) if r < oo {resp.,r = 
oo). Lemma (12.4p implies that (4u — 2ux)mx is bounded in L°°{0,T-, Bp~^). Again using the 
equation (II.2p and the high regularity of u, we see that dtu is in CdO, T); Bp~^) if r is finite. 
Apparently, we know that m G Ep ^. 
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Step 5: Finally, we prove the uniqueness and stability of solutions to (11.21) . Suppose that 
M = (1 — d'^)u, N = {1 — d'^)v G Ep ,^ are two solutions of (|1.2p . Set W = M — N. Hence, we 
obtain that 


(3.21) 


where 


dtW - {Au - 29„m)9„VF 

= {u- v){d:cG^ + G2) + da^iyu - v){d^G^ + + WG^, 

W{t,x)\t=o = M(0) - N{0) = W{0), 


= AN + 2u + 2v, 

= -41V + 2u + 2v, 

= -2N + 2u + 2v, 

G‘^ = 8N + 2u + 2v, 

G^ = 2M + 2N + Sd^u - Au. 

We define that Lf{t) = . By (|2.5p of Lemma 1^61 and using the fact that 

m is bounded in L°°(0, T; ,,), we infer that 




<Ge^^W^||W(0)||^.-ie - v)d^G^\\gs-i + \\iu - v)G^ 

(3.22) + \\dx{u — v)dxG^\\^s-i + \\dx{u — v)G'^\\^s-i + ||lFG^||gs-i)(it'^ . 

Taking advantage of Lemma 12.41 with d = 1, we have 

\\{u - v)dxG^\\^s-i < \\u - v\\B^^Jdx{AN + 2u + 2v)\\^.-i 
<\\W\\^s-i\\AN + 2u + 2v\\bs^^ 

< G\\W\\^.-i{\\N\\bs^^ + \\u\\b=^^ + \\v\\b=^^) 

(3.23) <GM||W||5.-i, 

\\{u - v)Rl^i\\j^s-i < \\u-v\\^s-i\\-AN + 2u + 2v\\bs^^ 

< G\\W\\^s-i{\\N\\bs^^ + + lli^llsi J 

(3.24) <GM||W||5.-i, 

\\dxiu - v)dxG^\\r.s-i < \\dx{u - v)\\b^„ \\dxi-2N + 2u + 2v)\\r.s-i 


'B?, 


(3.25) 


<GM||W||^.-i, 

,(u - u)G'^||^.-i < \\dx{u-v)\\B^J\8N + 2u + 2v\\Bs 
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3 LOCAL WELL-POSEDNESS 


(3.26) 


<C\\W\\^s-^{\\N\\bs^^ 

<CM\\W\\^.-., 



) 


\WG^ 


R-s —1 ^ 

^p,r 


Bi 


-1 ||2M + 2N + - 4u||b» ^ 


<C||W^|L,-i(||M|| 




+ 






(3.27) 


<CM||t4^|L»-i. 


Plugging (I3.23l) - ()3.27p into (j3.22l) yields that 

(3.28) e-^^^^'>\\W\\^s-i <C\\W{0)\\^s-i + f 

J 0 

Applying Gronwall’s inequality yields 


(3.29) 


sup \\W{t)\\^s-^<e^n\Wm\ss- 


te[o,T) 


In particular, uq = vq in (|3.29p yields u{t) = v{t). 

Step 6: Continuity with respect to the initial data. If s' = s — 1, by (I3.29p . the conclusion is 
valid. If s' < s — 1, by using Lemma 12.21 and p3.29p . we have 


||Af(t) - 7V(t)||g., <C||M(t) - A^(t)||5.-i 

p,r ^p,r 

<e^||M(0)-iV(0)||^.-i 

<Ce^||M(0) -iV(0)||2,, ||M(0) -iV(0)||2.f^) 

Ijp j, Up qr- 

<Ce^||M(0) -iV(o)||^i^, (||M(0 )||b^^ + ||iV(0)||B| 

ijpj, t'l yi 

where s — 1 = 9is' + si(l — 0i), si < s. 

If s — 1 < s' < s, by using Lemma YI?2\ and (I3.29P again, we get 

||A/(t) - N{t)\\j,^, <C\\M{t) - N{t)\\%_,\\M{t) - N{t)\\],-^ 

p,r J^p,r P)^ 

<C||M(t) -iV(t)||^V^)e^''2||M(0) -iV(0)fVi 

p,r Jjpj- 

<Ce^^^H\\M{t)\\Bs^ + ||iV(t)||5 )a-^2)||M(0) - Nm\%, , 

^p,r 

where s' = 02 (s — 1) + (1 — 62 ) 3 . 

Consequently, we complete the proof of Theorem 13.11 

□ 
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4 BLOW-UP 


4 Blow-up 


After obtaining local well-posedness theory, a natural question is whether the corresponding 
solution exists globally in time or not. This section is devoted to the blow-up phenomena. 
We first show the following conservation law to (II.ip . 


Lemma 4.1. Let uq G ® > f - Then the corresponding solution u guaranteed by Theorem 
(Ejp has constant energy integral 



)dx = / [uq + {u'Qf]dx = 


Uq 


l|2 

Ww- 


Proof. Arguing by density, it suffices to consider the case where u G . Applying integration 
by parts, we obtain 


/ umdx 

Jr 


By (11.11) . we infer that 



u\dx. 


jL 


umdx 


j 

JR 

/ {dfum + dtmu)dx 

Jr 

/ dtmudx = 2 / udx{2 + dx){{2 

Jr Jr 

[ [{2 - d^)ufd^{2 - d^)udx 

Jr 

[ [(2 - dx)u\‘^d{2 - dx)u 

Jr 


2 

-2 

-2 

0 . 


dx)u]‘^dx 


□ 

It is easy to see that the Degasperis-Procesi equation transforms into the equation (jl.lj) 
under the transformation 

u —)• 2(2 — dx)u. 

The following important estimate can be obtained by Lemma l4.ll and Lemma 3.2 in |34] . 

Lemma 4.2. Let uq G LI®, s > |. Let T he the maximal existence time of the solution u 
guaranteed by Theorem AS. 1[ Set w = {2 — dx)u and wq = {2 — dx)uQ. Then we have 

(4.1) \\w\\l-^ <6\\wo{x)\\l2t+\\wo\\L^, VtG[0,r]. 
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4 BLOW-UP 


Remark 4.3. From Lemma \4-.S\ we have 

||'Wx||l°° < 54T||t(o||^i +4||Mo||_ffl + ||^^Oa;||L°° 

(4.2) <54T||no||^i+5||«o||^3. 

Then, we present a blow-up criterion for dni). 

Lemma 4.4. Let uq{x) G s > |, and let T he the maximal existence time of the 

solution u{x,t) to IU.1\) with the initial data uo(x). Then the corresponding solution blows up 
in finite time if and only if 

r. n 

limsup / \\uxx\\L°°dT = oo. 
t^T Jo 

Proof. Arguing by density, it suffices to consider the case where u G C^. The equation (HTD 
can be rewritten as 


(4.3) 


'^txx — ‘^dx{y^x'^xx) “1“ + XQuiix 


Set IS? = 1 — d^. Then applying ^ to (14.31) yields 


4 [ [{W-^ + {W-^Uxf]dx 
ut Jr 


= - 8 

/ A^ ^uA^ ^{dx{uux))dx 

+ 4 

/ A^-\A^- 

J 

'r 


JR 

+ 4 

/ A^ ^uA^ ^{dx{u‘i))dx + 32 

[ A'-^uA"- 

J 

'r 


Ir 

=24 [ 

A^~^uA^~^{uux)dx — 8 j 

Ji 

A^uA^(uux)dx 

Jr 

R 


-4j 

/ A''~^UxA^~^{uxUxx))dx 

'r 

-4 

[ W-\xA- 

Jr 


(4.4) 

We estimate the terms on the right-hand side of (14.4|) . respectively. Applying the Cauchy- 
Schwartz inequality, Lemmas 12.101 Corollary 12.81 and Remark 14.31 we derive 

f W~^uW~^{uUx)dx 

Jr 

= f A^~^u[A‘^~^{uux) — uA‘^~^Ux]dx — - f Ux{A^~^u)^dx 

Jr 2 Jk 

<C'(||A^“^u||i2||na;||Loo -K \\A''~‘^Ux\\l2\\Ux\\l°°)\\A''~''-u\\l2 + ||Ua;||l,oo||A^“^n|||2 

(4.5) <Ct||u||^,_i, 

A‘^~^UxA^~^ {uxUxx)dx 


/. 


= A^ ^{UxUxx) — UxA^ ^Uxx]dx -/ Uxx{A^ ^Ux)‘^dx 

. w 2 ./b 
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4 BLOW-UP 


/. 


^C*( llltjlj; IIII A 'U3;||^2 a ll'ltxx II L°° 11-^ '^Xx||l2)||A 'U3;||£2 + II 'Itxx ||l°° 11-^ 

(4.6) ^CIIulll^sllitj^j^llLoc, 

W~^UxW~^ {vi^)dx 

<\\W-^Ux\\lAW~^uI\\l2 

<c\\ux\\h‘-^ II'^^xIIh'^-i 
— ^11 ^11//® II L°° 

(4.7) <Ct||u|||,.. 

By the same token, we get 


/ 

4k 


WuW{uUx)dx < Cllulll^s ||tia;||L°° < C'T||?i| 




Combining (|4.4I) with the above inequalities and Remark 14.31 we have 


|7/I|2 


(4.8) 


d 
dt 

^Cj' ||'u|| llltxa: ||l/°° 
<Cj' llltll llltxx ||l°° • 


Applying Gronwall’s inequality to (14.8p . we have 
(4.9) 


u\\h. < ||uo||l/«e'^^-^0 \M\L^dr_ 


If ||^ta:a:||L°° is bounded, from (|4.9p . we know that ||M(t, a^)||H= is bounded. By using the Sobolev 
embedding theorem H^(R) ^ L°°(M), s > f, we have 


(4.10) 


|'^xx||l°° ^ c*ll^ll-ff®) 


with s > |. If ll^fll//® is bounded, s > |, from (14.101) . we know that ||u 3 ;x||l°° are bounded. 


Moreover, if the maximal existence time T < oo satisfies 


f 


|'^a:a: ||l°°^'^ ^ OO^ 


we obtain from p4.9p 


lim sup ||u||_ffs < oo, 

0<T<t 


which contradicts the assumption that T < oo is the maximal existence time. Thus we have 

rT 


f 


I 11 d7~ — oo. 


□ 
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4 BLOW-UP 


The following main theorem of this section shows that there are some initial data for which 
the corresponding solutions to (ll.ip with some certain condition will blow up in finite time. 

Theorem 4.5. Assume that uq £ H^, s > ^ and Uq{xo) < -4(54T||uo||^i +6||uo||^3), 
then the corresponding solution of blows up in finite time. 

Proof. By a standard density argument, here we may assume s = 3 to prove the theorem. 

Note that G{x) = and G{x) */ = (! — d‘^)~^f for all f £ L‘^ and G-km = u. Then 

we can rewrite m as follows: 

(4.11) ut — Auux = —Ux + G -k [dx{2Ux + 6tt^) + u^]. 

Differentiating this relation twice with respect to x, we find 

bdt'^xx T (2ux 4u) '^XXX 

9 9 

= — 2Uxx + 8UxUxx — l2uUx — Ux 

(4.12) -\- G k \^dx{2i^ + 6tt^) + (u^)}. 


Note that 

\Gx k {2ux + 6u^)| + |G* {ux)\ < 5||t(||^i < 5||uo||^i. 

Therefore, 

(4.13) dtUxx T i2ux LufjUxxx ^ '^xx T \2uux T b||uo||j:^i 

< -«L + + Slkoll^i 

^ ~'^'xx + 16||t(a;|||oo + 23||uo||^l 

< -ulx + 16(54r||no||ii + 5 ||uo||^ 3 )2 + 23||uo||^i 

< —u^x + 16(54r||no||^i + 6 ||uo||^3)^ 

= ~'^'xx + 


where Ct = 4(54T||uo||^i + 6||uo||^3). 

Dehning now w{t) := mfxeR[uxxit,qit,x))], = 2ux{t,q{t,x)) - iu{t,q{t,x)), we 

obtain from the above inequality the relation 

(4.14) ^<_u;2^CT^ tG(0,r). 

dt 

Since w{0) < — Ct, it then follows that 


u;(t) <-Ct, VtG[0,T). 


By solving the inequality (j4.14p . we get 


(4.15) 


0 < 


2Ct 
w + Ct 


< 1 


rc(0) + Ct 
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4 BLOW-UP 


By (I4.15P and the fact > 1, there exists 


1 ryfO) + Cx 

0<T < —In —H- 

2Ct w(0) — Ct 


such that 
(4.16) 


w{t) < —Ct + 


2Cn 


.. _ ^)(o)+Ct „- 2 arj,f, 

^ iu(0)-Ct 


—OO, 


as t —)■ T. This proves that the wave u{t, x) breaks in finite time. 


□ 


Finally, we prove the exact blow-up rate for blowing-up solutions to (ll.ljl . We now intro¬ 
duce the following useful lemma. 

Lemma 4.6. Let T > 0 and u £ C^{[0,T); H"^). Then for every t £ [0,T), there exists 
at least one point ^(t) £ M with 

m{t) = mi{ux{t,x)) = Ua;{t,f,{t)). 
xGR 

The function m{t) is absolutely continuous on (0, T) with 

din 

-—= utx{t,^it)) a.e. on (0,r). 
at 

Theorem 4.7. Let uq £ 44®, s > |, and let T he the blow-up time of the corresponding 
solution u to which is guaranteed by Theorem\4.5[ Then 


(4.17) 


t^T xGIR 2 


Proof. As mentioned earlier, we only need to prove the theorem for s = 3. 

Differentiating (|4.1ip with respect to a; , we hnd 

(4.18) dtUx{t,x) {2ux - W)uxx = ‘2^ul - G* [(2tt^ -h 6u^) -h dx{u^^)\, 

which along with ()4.12l) . leads to 

dtiUxx ‘2Ux){t^ X^ p if2Ux ^u)(^Uxxx ‘2‘Uxx') 

= — 2Uxx + 8UxUxx — 5Ux -I- 12rt^ — 12uUa; 

-h G * [(-3tt^ - 12 'u 2) -h dxieu"^)], 

= — 2{Uxx — 2Ux)'^ + Sul + — 12uUx 

(4.19) PG-k[{-Sul-Uu"^)+ dx{Qu‘^)]. 

By (jlT9|), in view of |G*[(—3tt^ —12tt^)-|-(9a;(6tt^)]| < 12||un||jji. Lemma l4.2l < ^||rio||^i 
and Remark 14.31 we obtain 

I d{uxx ‘2‘Ux) 


dt 


T ‘2‘iuxx ‘2‘Ux) 
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5 PEAKON SOLUTIONS 


<47/2+48^2+ 12||uo 11^1 

< 47x2+3611^011^1 

< 4(54T||7xo||ii + 5 || uo ||^ 3)2 + 36||uo|Ihi 

<4(54r||no||^i+6||7Xo||^3)2, VtG(0,r). 

Defining now w{t) := inf3;gR[2(7X3;3; — 2ux){t,q{t,x))], we obtain from the above inequality the 
relation 


(4.20) 


,dw 2 i ^ 

\— + w^\ < Ct , 
at 


vtG(o,r), 


where Ct = 2\/2(54T||7to||^i + 6||no||^3, 


For every e G (0, 2 ), in view of (I4.16p . we can hnd a to G (0, T) such that 


w(to) < Ct H-— < — Ct- 


Thanks to (14.161) and (14.201) . we have w{t) < —Ct- This implies that w{t) is decreasing on 
[to,T), hence, 


»«) < + hi! < -i/hi!, 


e 


vtG [to,r). 


Noticing that —+ Ct < < —w^ + Ct , a.e. t G {tQ,T), we get 

(4.21) 


-l-e<4(-^)<-l + e, a.e. t G {to,T). 

at w{t) 


Integrating ()4.21l) with respect to t G [to,T) on {t,T) and applying limt_>.T tc(t) = —00 again, 
we deduce that 


(4.22) 


1 


(-1 - ^)iT - t) < ^ < (-1 + £)(T - t). 

w{t) 


Since e G (0, |) is arbitrary, it then follows from (14.221) that (I4.17D holds. Noting that Remark 
[431 we get x)(T - t)) = 0. 

This completes the proof of the theorem. □ 


5 Peakon solutions 


In this section, we show that (ini) possesses the following peakon solutions 
(5.1) 


_ c ct—x 

® ’ 

_ c x—ct c 2x—2ct 

2^ -r gC , 


X > ct, 

X < ct, 

where c is any real positive constant. Of course the above solutions are not classical 
solutions but weak solutions. We first introduced the definition of weak solutions for (II.ip . 
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5 PEAKON SOLUTIONS 


Definition 5.1. Functions u was called weak solutions for if for each ip(t, x) G (^^([0, T]; C, 
we have 


(5.2) 


'OO / 
0 



(.Ft Ttxx)u dxifi'~\~ dx)'^ jdxdt 

= [ {u{T) - Uxx{T))ip{T)dx - [ {uo(x) - uoxx)TiO)dx. 
Jr Jr 


Directly calculating, we deduce that 


_ c ct—x 

2^ , 
c ^x—ct 


X > ct, 
X < ct. 


(5.3) {2-dx)u{t,x) = 

Hence, for any ^p{t,x) G (^^([O, T]; (^“(M)), using integration by parts, we obtain 


[ u^tdx = r 

v/m J—OO 


— OO 


■_^^X-Ct £g2(x-ci 



(5.4) 


‘))(^idx+ r{^e'^^-^t)dx 

Jet 6 

/■-OO _ ^-oo 2 

+ / dt{—e^^-^ip)dx+ { e^--^)^dx. 

Jet 6 y^t 6 


Taking advantage of integration by parts and the fact that (15.3|) . we get 

[ dx{2 + dx)(p[{2 - dx)ufdx 

Jr 

ret 2 roo 2 

dx{2 - dx + J dx{2 - dx)^p—e'^^^~'''>da 


— OO 

2 ret 



' —OO 

^2 roo 


dx[{2 - dx)ipe^^^-’'^^\ - 2(2 - 9,,)(^e2(^-‘=‘)|dx 



+ J I ^dx[{2- + 2(2 - >>dx 


Z /* Ct Z /* OO 

/ (25,^99-4v9)<^e2(^-^dd2: + ^ / (4^; - 2v9,,)e2('^*-^)d; 

J — OO ^ J ct 

r + y r' -2(/9e2(^-‘=‘)]da 

^ —OO J — OO 

/•OO 2 coo 

+ cM ipe^i^^-^)dx-^ [4(<y2e2("'“^)) + 2ype2(‘=‘-^)]dx 

Jet 2 


= — C 
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5 PEAKON SOLUTIONS 


^2 rCt 2 

=—[4<^(ct) — ipx{ct)] — 2(? / + —px{ct)<Ix 

^ J — CO 


ret 


(5.5) 


=cV(ci) - 2c2 / 


By (|5.1I) . we obtain 


Jr J-oo ^ o Jet ^ 

Ptxxdx- [ + f (^e‘'*~^(ptxx)da 

J-OO Jet ^ 


CgX-rf, 


(5.6) 

where 


J —oo •* 
3 

E^< 

2=1 


r*ct 


/i = 

l2 = - 


-e^ '"Vtodx, 


/3 = 


[ '"‘Vtedx, 

^ —OO 

Lt 


e "'(/?to)dx. 


An application of integration by parts, yields 

-I/: 


e!" '"Vtedx 


(e'-'^Vtx) - e"-^Vix]dx 


=|¥^te(ct) - I 


r*c£ 


[5x(e"-'^Vt) - e"-'^Vi]dx 

et 


--^Ttxict) - ^pt{ct) + I y e"" '"Vidx 


— OO 

et 


(5.7) 


/ 2 =- 


C 

3 

I' 


^ptx{ct) - ^pt{ct) + ^ J dt{e^ ''V)da: + y J ‘^^^pdx, 

c r* 

J — OO 

r [dxie^^^-^^^Ttx) - 2e^^^-^^^ptx]dx 

J —OO 

<^tx(ct) + ^ r [dxie^^^-^^^pt) - 2e2("-'=‘)<^,]dx 

J —OO 

|(^te(ct) + y(^t(ct) - y y e^("^"‘'*Vida: 
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5 PEAKON SOLUTIONS 


c 

^ Jet 
c 

U 


r Or Ar /"“ 

( 5 - 8 ) = --iptxict) +—iptict) - — dt{e^^^-''^^(p)dx-— 

J—oo ^ J—oo 

r 

h =« / 

6 Jet 

/•OO 

/ [dAe‘^-^^tx) + e^^-^^tx]dx 

J ct 

r r°^ 

:^ptxict) + - / ^pt]dx 

' 6 

c c c r'^ 

= - -^Ttx{ct) - -ipt{ct) + - 

r r r r°° r‘^ r°° 

= - ^Ttxict) - -Met) + - / dt{e^^-M)dx - - / e^^-Mdx. 
6 6 6 6 Jet 

Combining the above three equalities with (15.6p . we have 
(5.9) - / u<y9to ='^ / i9t(e^“''V)da; + ^ / 

t/R J—oo ^ J—oo 


- — r r (e2(^-'=*)y?)dx 

3 J—CO 3 J— oo 

f, fOO 2 roo 

+ - / at(e^*-^<y9)dx - — / e"‘-^<y9dx, 

6 Jet 6 Jet 

which along with (15.41) and (15.51) . implies 

j - <ptxx)u - dM + - dx)uf^ dx 

= -c r at(e2(^-"'V)dx - cV(ct) 

J —OO 

= -cdt r (e2(^-"*V)dx 

J —OO 

/ ct 

{u - Uxx)pdx 

-OO 

(5.10) =dt {u-Uxx)Tdx- 

Jr 

Integrating (I5.10p over [0, T] with respect to t and using integration by parts, we get 

J j (i'e-- Uxx)Tt - dx{2 - dx)M‘^ - dx)uf^ dxdt 

(5.11) = [ {u{T) - Uxx{T))if{T)dx - [ (uoix) - uoxx)M)dx. 

Jr Jr 

Thus we verify that ()5.ip are weak solutions of dn]). 
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